Monte Carlo methods are used to integrate the data pertinent to reserves estimation including material balance, production decline, reservoir volumetrics, and petrophysics. Many of these techniques produce independent estimates of reserves and hydrocarbons initially in place (HCIIP): for example, material balance and volumetric methods independently estimate HCIIP. Similarly, independent estimates for recovery factors are obtained from production decline, analogue reservoir studies and simulation. Traditional Monte Carlo methods are unable to combine such independent estimates in a natural way. Markov chain Monte Carlo methods, on the other hand, enable all such data to be integrated leading to robust, unbiased and accurate estimates of HCIIP and reserves. The algorithms for achieving this are presented and illustrated using field examples.
Introduction
Monte Carlo simulation for the estimation of hydrocarbon reserves and fluids in place is a well established technique in the oil and gas industry 1 . Traditionally, Monte Carlo estimation of hydrocarbons initially in place (HCIIP) and reserves uses samples from prior distributions of reservoir parameters, such as gross rock volume, porosity, with these samples being used to calculate the distribution of HCIIP or reserves directly. Generally, apart from the range constraints implicit in the prior distributions, no other constraints are applied to either the calculated output distributions or input variables.
It is likely, however, that additional quantitative information is available which imposes constraints or dependencies between variables or constraints on the likelihood of the calculated HCIIP or reserves. For example, reserves estimates should be consistent with material balance, volumetrics, decline curves and analogue or expert opinion. In general, there are three sets of over-lapping constraints which impact reserves and HCIIP: This paper shows how the Markov chain Monte Carlo (MCMC) method can combine such information, and prior parameter distributions, to produce consistent estimates of HCIIP and reserves. The MCMC approach is similar to the acceptance-rejection method of Stoltz et al 2 who used filtered Monte Carlo simulation 3 .
Pressure History Match
Consider the observed pressures and material balance match shown in Figure 1 for a type I fractured reservoir with storage only in the fractures. 
where θ represents a set of parameters; namely, aquifer permeability, porosity, thickness, fracture compressibility, aquifer dimensions and oil-initially-in-place OIIP. Although the match is good-it captures the initial decline trend and the final reservoir pressure-because of the scatter in the pressure observations (obtained from many wells in the field and corrected to datum) it is difficult to quantify the "goodness-offit" from visual observation alone. Further, this match calculates a single deterministic OIIP, which cannot be used directly in probabilistic analysis of reserves.
The Markov chain Monte Carlo method provides a natural way of calculating the distribution of OIIP (and associated aquifer parameters) as shown in the next section.
Markov Chain Monte Carlo
Markov chain Monte Carlo generates the target probability distribution by running a cleverly constructed Markov chain for a long time so that the limiting or stationary distribution of this chain is the target distribution 4 . In the case of the error function given in equation (1) 
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and π is the target distribution. The function ( ) , T x y is called the proposal distribution for state y given state x . In the case that T is symmetric (that is, ( ) ( )
This algorithm is applied to the pressure match by selecting an initial set parameters 
This defines a perturbation in the error function from which the ratio r given in equation (4) is defined by
Note that the normalising constant 1 2 σ π is not required in (7) because it cancels in equation (6) . If the perturbations given by (5) result in parameters going outside reasonable physical bounds (for example,
that the update will not be accepted. In this example, the lower limit on OIIP was set to 25 MMbbl in order for OIIP to always exceed cumulative oil production to date of 23.4 MMbbl. The 500,000 trials used in this example is typical of the number of iterations required to generate a good approximation to the underlying probability distribution using MCMC. Figure 3 shows how OIIP varies over the simulation from 1 to 400000 iterations. This behaviour, with oscillation around the most likely value and then a significant move away from the most likely value for a considerable number of iterations is typical behaviour of a random walk. In this example there are no constraints on the underlying parameters apart from those required to maintain physical feasibility. Thus the random walk can move without restriction into areas of low probability though it ultimately moves back to the high probability (most likely) parts of parameter space. A large number of iterations is required in order to account for this behaviour. Furthermore, the output is highly correlated, many values not moving at all until the probability of change is sufficiently high. This is seen in Figure 4 where a 5000 trial sample of the output is shown. The character of the MCMC trajectory is stepwise, and not random as usually seen in Monte Carlo analysis where samples are directly taken from the underlying parameter distributions, rather than incremental perturbations as given here. The ability of the random walk to cover all of the probability space is termed "mixing". There is a trade-off between efficient mixing-that is, the random walk does not spend too much time in low probability regions of parameter space and visits all parts of parameter space-and increased likelihood of rejection of the update. If the parameters are allowed to jump randomly over their range, it is possible and indeed, highly likely, that the resulting outcome will have very low probability (that is, the pressure match is very poor) and be rejected. Figure 5 shows a portion of the Markov chain for same pressure match when the standard deviations given in equation (5), which define the magnitude of the perturbations of the reservoir parameters, have been increased by a factor of 5. It can be seen that the incidence of rejection has increased significantly with the chain spending large periods of time stuck on the same value. 
Combining OIIP Estimates
The previous section calculated a probability distribution for OIIP derived from material balance and observed reservoir pressures. By changing the stipulated standard deviation, p σ , the OIIP range can be narrowed around the most likely value (or value of minimum residual error). In practice, we also generate an OIIP distribution calculated volumetrically from, typically, gross rock volume, porosity, net-gross, elevation of the oil-water contact (OWC) and connate water saturation. For example, for the fractured reservoir of the previous section, a histogram of OIIP was calculated from input distributions of fracture porosity, elevation of OWC and effective fractured area in the reservoir. This calculated distribution is shown in Figure 6 together with the distribution calculated from material balance. Figure 7 shows the result of applying the above MCMC algorithm to the material balance and volumetric OIIP distributions where the target distribution for the difference between the OIIP estimates is normal with zero mean and standard deviation 5 MMbbl. The distribution for the differences is shown in Figure 8 which, in this example, has a calculated mean 0.26 MMbbl and standard deviation 4.9 MMbbl, close to the stipulated target distribution.
The main problem with the direct implementation of this algorithm, in this case, is that the material balance estimate is strongly dominating the volumetric estimate, and the material balance estimate was obtained only through a general random walk on the reservoir parameters, without using knowledge of the likely distribution of the these parameters. In the fractured reservoir under consideration, the only parameter common to both the volumetric and material balance estimates of OIIP is effective formation porosity (if it is assumed that fracture porosity in the reservoir is representative of fracture porosity in the aquifer). However, formation thickness, formation permeability, formation compressibility can all be assigned distributions based upon geology and core analysis. These prior distributions can be used in both the material balance and volumetric estimates of OIIP which can be estimated simultaneously and forced to be consistent using a analogue of equation (8). 
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A test example of this algorithm is shown in Figure 9 where the target distribution was triangular with minimum 0, mode 30 and maximum 100. As can be seen, even though the random walk uses a normally distributed step-size, the target distribution is simulated correctly. 
Fully Integrated and Constrained Merging
This procedure can be implemented within the MCMC algorithm for combining two distributions or minimising the pressure error. Further constraints can be introduced in a natural way. For this reservoir, fracture storativity was determined for each well from interference test and earth-tide analysis 6 . Storativity is the product of effective porosity and total compressibility and provides a constraint on both material balance estimates of OIIP (porosity, compressibility) and volumetric estimates (porosity).
The full integration of the material balance and volumetric estimates of OIIP is formulated by:
1. Select reservoir parameters from prior distributions that have been derived from log, core and other analyses. These distributions are used to sample porosity, compressibility, storativity, aquifer permeability, aquifer thickness, aquifer dimensions, fracture extent and oil-water contact using the MCMC update equation (9); 2. Generate the material balance estimate of OIIP using the MCMC update given by equations (2) and (6) The distribution for a combined estimate of OIIP, using the algorithm given above, is shown in Figure 10 . given by a generalized version of equation (10).
The technique has been applied successfully by the author for reserves reporting and reserves dispute resolution. Comparison with actual field performance has shown excellent agreement between the values calculated from the MCMC methodology and observed outcomes. Implementation of this methodology, which rigorously creates a "zone of consistency" among reseroivr parameters, provides a robust and consistent method for the estimation of hydrocarbon reserves and fluids in place. 
Definition of Symbols

